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We have de designed a thermocrystal that reflects phononic thermal radiation. In the THz range,
heat is kinetic energy carried predominantly by phononic vibrations. These mechanical vibrations
have wavelengths that produces interferences within the internal interfaces of a phononic crystal.
We determined conditions to obtain gaps simultaneously for longitudinal and transverse waves in a
porous silicon multilayer. We propose a one-dimensional crystal with an omnidirectional mirror that

reflects all phononic vibrations in the THz.
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1. INTRODUCTION

In a recent paper, Maldovan introduced the concept of
thermocrystal, offering a new way to study thermal trans-
mission [1]. Instead of using the traditional approach based
on a flow of phonons as particles, this approach allows
phonons to be treated as waves. The phonons vibrat-
ing in the THz range may experience interference with
a crystal of nanometric period. This interference allows
bandgaps for phonons, allowing new possibilities for con-
trolling heat. The ability to manipulate thermal transport
via interference-wave effects is of interest for technologi-
cal applications [2].

In solids, heat is transported by vibrations and collision
of molecules, free electrons, and phonons oscillating at a
wide range of frequencies between » = 0.1 THz and v =
100 THz. However, at the lowest limit of this range (v <
0.1 THz), heat is mostly transported by phonons, which
can be treated as waves, enabling undulatory control of
heat flow [3].

The control of phonons as waves using phononic crys-
tals (PnC) was proposed since 1993 [4]. In PnCs, the inter-
ference of mechanical waves allows for the existence of
bandgaps, which lead to the creation of a vibrationless
environment. Over time, bandgaps have been studied in
the sonic (kHz) [5], ultrasonic (MHz) [6], and hypersonic
regime (GHz) [7]. Unfortunately, as the frequency of the
bandgap increases, the PnCs fabrication and characteri-
zation become more difficult [8]. To obtain bandgaps in
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the THz regime, we require a PnC with period of a few
nanometers. At present, thermocrystals are only a theoreti-
cal idea and have not yet been fabricated in the laboratory.
The first thermocrystal predicted to have gaps in the THz
range was a two-dimensional crystal of Sig,Ge,, [1]. This
structure possesses a gap between 0.2 THz and 0.3 THz,
considering a period of 10 nm.

A few years ago, Maldovan suggested that “heat
mirrors that provide all-angle wave reflection do not
necessarily require three-dimensional period structures.
One-dimensional multilayer system can be designed to
achieve all-angle reflection for external thermal vibra-
tions” [3]. This proposal inspired us to carry out this work,
in which we have found the conditions necessary to obtain
a heat mirror with a one-dimensional lattice.

Heat mirrors may be of interest in various con-
texts, such as graphene-based devices [9-16]. Recently,
thermal conductivity in suspended single-layer graphene
has been studied, founding phenomena above the heat
Fourier Law [17]. However, in practical applications, these
graphene layers can not be placed over a heat-absorbing
substratre, but require an ominidirectional mirror to avoid
heat losses.

2. THEORY

Porous silicon lattices are formed by the periodic varia-
tion of layers of low and high mass density, p, and p,.
The structure has a period of d = d,+d,,, where d, and
d, are the thickness of the low and high mass density,
respectively. The layers with low mass densities allow
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the propagation of transverse and longitudinal waves with
sounds speeds ¢, ; and ¢, ;, respectively. In the same man-
ner, the layers with high mass densities allow the prop-
agation of transverse and longitudinal waves with sound
speeds ¢, ;, and ¢, ,, respectively. The crystalline structure
possesses periodicities of mass density, longitudinal sound
speed, and transverse sound speed given by p(z) = p(z +
d), ¢,(z) = ¢(z+d), and ¢,(z) = ¢,(z + d), respectively.

The phononic vibrations are described by the elastic
wave equation,

—p(@uy(x) = V- [p()e (Vi (9] 4 V- [p<z)c?<z>
x a%u(x)] i a%{[p(z)cﬁz)
C2p()E ]V -u®) ()

Where the phononic-vector displacement is u(x) and the
subscript i can be the coordinates x, y or z. Considering a
propagation in the x—z plane, the waves have two polar-
izations. The first is the sagittal component, u,(x, z) =
[u,(x, 2), 0, u,(x, z)]; the second is the transverse com-
ponent, u(x, z). The wave equations for the x, y and z
coordinates are

—’p(2)u,(x,2) = V- [p(2)c] (2)V,u,(x, 2)]

5 @6 )|

1 ai{[p(Z)cz2 (2) =2p(2)¢; (2)]
X
xV -uy(x,z)} (2)
—0’p(2u,(x,2) =V, [p(2)c} (2) Vi, (x,2)]

+V,- [p(Z)Cf (Z)%us(x, Z)}

{10 )~ 2]
x V;-u(x, 2)} (©)
and
—’p(2)u,(x,2) =V, [p(2)c] () Vouy(x,2)]  (4)
In these equations, we introduced the differential operator

V, = (8/dx,0, 8/52).

2.1. Dispersion Relations

The plane wave method (PWM) is based in the Fourier
series expansion [18]. The material parameters are
described in series as

p(z) =) p(G,)e'%" (%)
G,
p(2)c;(z) =Y 7(G,)e'% (6)

and

p(2)ci(z) =Y A(G,)e'%* (7)

The calculation of the Fourier coefficients p(G.), 7(G.),
and A(G,) is presented in Appendix. To find the periodic
waves, we consider the elastic-displacement vector as

u(x.2) = ¢ Yulky, G BT (8)
G,

where the wave vector is k = (k,, 0, k;) and kj, is the
periodic Bloch vector component in the z-direction. The
reciprocal wave vectors are G, = (27)/dn, where n is an
integer. To obtain an eigenvalue problem for the sagittal
waves lying in the x—z plane, we substitute (5)—(8) into
wave Egs. (2) and (3), obtaining

Mxx sz ux _ 2 N 0 ux
[MZX MZZ}[“Z}_O) [O N} [HZ} (9)
The matrix elements M;; and N are

M(G..G)) = EAG, — G) + (k. + G,) (k. +G))

x7(G,—G) (10)
M.(G.,G)) = k. (k.+G)[A(G. - G))—27(G. - G))]

+k (k. +G,)T(G.—G) (11)
M. (G, G)) =k, (k,+ G )[A(G,— G)) —27(G. - G))]

+k (k.+G)T(G.—G)) (12)
M..(G.,G) =k1(G.—G.)+(k.+G.)(k.+G)

x A(G,—G.) (13)
and

N(G.,G)) =p(G.-G)) (14)

In a similar manner, to obtain an eigenvalue problem
for the transverse waves uy, we introduce (5), (6), and (8)
into (4) to obtain

M, u, = szuy (15)
where
M, (G, G)) = [k + (k. +G)(k,+G)]7(G, ~ G') (16)

2.2. Phononic Reflection

To calculate the phononic reflection, we apply the bound-
ary conditions at each interface of a multilayer crystal
with N layers [18]. In this work, we consider isotropic
solids. The elastic waves at a solid—solid interface have
four boundary conditions. The first is the continuity of
the normal displacement (u.), the second is the tangential
displacement (u, and u,), the third is the normal stress
(0,.), and the fourth is the tangential stress (o, and o).
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For the third and fourth conditions, we need the stress ten-
sor defined as

0y =2pciuy +p(c] —2¢])uydy (17)

We start by considering the reflection of a phononic

wave impinging from an incidence medium (p;, ¢, ; and

¢, ;) into the first layer (p,, ¢; , and c, ;). Considering the

continuity of normal displacement (u,) at both sides of the
first interface we have

A;cos ; +A,,sin B; — A,, cos ;

= cos o¢; (M = M[7) +sin By (=M "M[7) (18)

where A; is the amplitude of the incident longitudinal
wave; A,, and A,, are the amplitudes of the reflected shear
and longitudinal waves, respectively; and M/* and M/~
are the first-layer longitudinal amplitudes moving forward
and backward along the z-axis, respectively. In the same
manner, M," and M/~ are the first-layer shear amplitudes
moving forward and backward along the z-axis, respec-
tively. The angle of the incident longitudinal wave is «;.
The angle of the transverse wave reflected is B8;. «; and 3,
are the angles for the longitudinal and transverse waves in
the first layer. The angles are related by the Snell’s law in

the form
sina; sinf;  sina; _ sinf, (19)

Ci1

Cri Cri €1

In the incident medium, ¢; ; and ¢, ; are the longitudinal
and transverse sound velocities. ¢, ; and ¢, | are those in
the first medium. If we divide Eq. (18) by the amplitude
A; we obtain

—cos &; a,, + sin B;a,, — cos oc; m'" +cos o¢; mi”

+sinB,m|" —sin B;m|” = —cos ; (20)
The boundary condition for the tangential amplitude (u,) is

. . i . I—
sin o; a,, + cos B;a,, — sin o¢; myt —sin o¢; m

t+ - _ :
—cosfB;m" —cosfB;m; = —sin ;

(1)

The continuity equation of the normal stress tensor (o) is

et
<picl i—2p; " sin’ ai>a1r_ (pic,;sin2B;)a,, — <P1 i
: o : .

1,i

c? c?
1 . 1. —
—2p1—sm2al)mll+— (P]Cl,l —2p, c—smza])mll

€ 1.1

+(p, Ci 1 Sin2B])m’I+ +(py Ci sinZBl)m’f
.
== <picl,i —2p,—sin’ ai)
Cri
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Finally, the continuity equation of the tangential stress

tensor g, 1S

2.
- (Pi - Sinzai)alr —(pic, ;c0s2B))a,,

Cri
2 2
c c
tl I+ 0l I-
— | py—sin2«a, |m" +| p,—sin2a, |m
Cr1 €11

- (plct, 1 COSZﬁl)m[1+ + (plct, 1€0823,)m}”

2

_ Ct,i in2

=—| p,——sin2q;
Cli

For the internal interfaces, similar equations are
obtained. In the final interface, only the forward compo-
nents exist in the transmission medium. The boundary con-
ditions for all the interfaces can be arranged in a matrix

(23)

(22)

equation in the form

Ax=b (24)
Ais a 4(N+1)x4(N+1) matrix of the form
™M, -M, 0 0 0 0 ]
0 M, -M, 0 0 0
Al 0 0 M, M, 0 0
0 0 . 0 M -M, 0 0
0 0 0 My, -My 0
Lo 0o o0 0 My -M, |
(25)
The matrices M;, M, and M, are
—COSX; sinf3;
sino; cosf;
o2
_ ti . .
M;= p,-clyi—ZpiC—’smza,- —p;c, ;sin2p; (26)
Li
i
—p;——sin2q; p;C, ;€0s2p,;
L Cui ’ -
B COS O, —COS O
sin og; sin og,
2 2
— tk . 2 tk - 2
M, = PrCrr—2p——sin" Py —2p;——sin"ay
Clk Clk
2 2
Cik . Cik .
pr——sin2a; —p——sin2q;,
L Clk Clk
—sinf3; sin B,
cosf3; cosf3;
. : (27)
=i,k SIN2B  —pyc, ;Sin2p,
PirC kCOS2B;  —piCy  COS2P;
3
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and

COS Xy —sinf3,

sin o¢; cosfBy
2,
t, .2 .

M, = Pkcz,k_ZPkc_Sln ap  —pic, sin2p, (28)

1,k

o2

tk .

pr——sin2a; PrC, 1 COS2[;
L Crk i

In the last matrix, Psr Cry and ¢, are the density,
longitudinal velocity, and transverse velocity for the
final medium. The array x contains all the normalized-
amplitude waves in the form

T I+ - 1+
X = Lalr’atr’ml sy, my,

my, . mh m mi mly ay.a]  (29)
Finally, b is a vector with zero for all its components
except for the following: b, = —cosx;, b, =—sinc;, by =
—(picii— 2piCt2,i/C1,iSin2ai)’ and by=—p;c};/c,;sin2a;.
To obtain the reflected and transmitted energy, we need
to know the elastic pointing vector for the incident longi-
tudinal wave

1
(S.i)= Ewkl,ipiclz,ilul,i|2 (30)
The reflected longitudinal and shear stress energies are
1
<Sl,r>=Ea)kl,rpiclz,i|ul,r|2 (31)
and )
<St,r>ziwkt,rpictz,t|ut,r|2 (32)
The longitudinal and shear reflectances are respectively
<S1 r> 2
Ry=—~=lu,]| (33)
(S "
and (5.) 8
¢, ;cosf3;
Ry= ot =y (34)
(S.i)  eicosa;

3. NUMERICAL RESULTS

In this work we analyze a porous silicon lattice formed by
periodic alternation of two different porosities. We con-
sider the following material parameters. First, the high
and low mass densities are p,=1,118.4 kg/m* and p,=
955.3 kg/m®, respectively. Next, the longitudinal velocities
are ¢, ,=4,600 m/s and c¢,;=4,300 m/s. The trans-
verse velocities are ¢, ,=2,800 m/s and ¢, ;=2,100 m/s.
Finally, the period is d =37 nm. All these parameters have
been obtained experimentally in the laboratory [19].

We first consider waves that propagate parallel to the
z-axis. For this particular case, the oscillations with trans-
verse (shear) and longitudinal components are parallel

4
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Fig. 1. Map of bands as function of the filling fraction f. The blue
and red line-patterns represent the allowed bands for longitudinal and
transverse polarization, respectively.

and perpendicular to the surface layers, respectively. The
allowed modes are obtained from Eq. (9). In Figure 1,
we present a map of the bands as a function of the fill-
ing fraction f=d,/d. The bands for the longitudinal and
transverse polarizations have blue and red line patterns,
respectively. The white regions are the coincidences of
both bandgaps. The black line represents the filling frac-
tion f=0.1 and the green arrow shows a bandgap centered
around »=0.236 THz.

Considering the gap for f=0.1 and »=0.236 THz, we
explore the propagation of waves with a wave vector par-
allel to the surface layers, k,. An estimation of the mode
polarization for k, >0 can be obtained by averaging the
energy associated with each k, component. In this manner,
we can determine the longitudinal and transverse energy
contributions for each vibration frequency. The details of
the strain-energy-balance method were published by one
of us in Ref. [18], where the k-dependence polarization of
sagittal acoustic waves in phononic crystals was studied.

In Figure 2, we show the variation of the projected
bands as a function of the wave vector parallel to the lay-
ers, k.. At k, =0, the blue and red bands are purely longi-
tudinal and transverse, respectively. We may also note that
the bands with a small k,d component are predominantly
longitudinal or transverse, for example, in the region with
k.d <1. We observe that as we increase k.d, the polariza-
tion changes, as at the limits of the white zone that repre-
sents the bandgap. The color scale illustrates longitudinal
and transverse contributions in each band.

Now we turn our attention to propagation through a
finite multilayer crystal considering diamond as the exter-
nal medium. The longitudinal sound speed of diamond is
¢;.4=17,500 m/s. Even if the projected band structure in
Figure 2 corresponds with an infinite crystal, it give us an

Nanosci. Nanotechnol. Lett. 11, 1-7, 2019
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Fig. 2. Projected band structure of the sagittal polarization. The color
maps correspond to longitudinal and shear modes. Black lines are the k,
components of a wave impinging from diamond with angles a; =5°, 25°,
60° and 90°.

idea of propagation through a finite structure. The longi-
tudinal wave obliquely incident on the sample has a wave
vector parallel to the surface layers defined by the relation
k,=(w/c, 4)sina;. With black lines, we show the parallel
wave vector corresponding to the incidence angle. From
left to right, we have lines corresponding to the angles
a;=5°,25°,60° and 90°. Depending on k., predominantly
longitudinal, predominantly transverse, or mixed waves
propagate over the multilayer. The black line-pattern area
defines an omnidirectional mirror at which all phononic
vibration impinging into the crystal will be reflected.

To verify the phononic omnidirectional mirror, we
present the phononic reflection as a function of incidence
angle («;) in Figure 3. In panels (a) and (b), we present
the longitudinal and transverse reflectances R, and R,,
respectively. The colormap illustrates the amount of energy
reflected, where green and yellow represent complete and

v(TH2)

205 T

0 10 20 30 40 50 60 70 80

(b)

z

Fai? .

0 10 20 30 40 50 60 70 80
(x.

0.250
0.0
0.1
0.245 i
_0.240
N
]
e
< 0235
0.230
0.225

0 10 20 30 40 50 60 70 80

%

Fig. 4. Reflection of a heterostructure composed of three (d,d,)° porous
silicon multilayers with periods of d =36.7 nm, 37 nm, and 37.3 nm. An
omnidirectional mirror exists for the black line-pattern area.

zero reflection, respectively. The multilayer is composed of
6 periods of low and high densities, plus and an additional
layer of low density. In compact notation, the multilayer
is defined as (d,d,)°d,. In panel (c), we show the total
energy reflected, that is the addition of longitudinal and
transverse reflectances, R; =R, +R,. We observe a com-
plete stop band for all incidence angles in the black line-
pattern area.

At this point, we derived the conditions necessary to
have a phononic omnidirectional mirror in the THz range.
However, the gap is too narrow. Does there exist some
method to obtain a wider gap? We consider two simple
strategies to do so. One possibility is to obtain a higher
contrast between the two periodic materials; however this
option frequently has strong experimental restrictions. The
other method is to use heterostructures to enlarge the
bandgap, as we did some years ago for PnC in the GHz
range [20]. The idea is to add the bandgaps of several

(©

0.225
0 10 20 30 40 50 60 70 80

Fig. 3. Phononic reflection in the THz range. Panels (a and b) are the longitudinal and transverse reflected energies, R, and R,, respectively. Panel (c)
is the total energy, R;,. The black line-pattern area is the omnidirectional mirror range.
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multilayers crystals of different periods. As an example,
we consider a porous silicon tandem structure of 3 mul-
tilayers of (d,d,;)® with periods d =36.7 nm, 37 nm, and
37.3 nm. In Figure 4, we observe that this heterostructure
has an enlarged omnidirectional mirror from 0.233 THz to
0.239 THz.

4. CONCLUSIONS

We have determined the conditions necessary to have a
one-dimensional porous silicon thermocrystal mirror in
which phononic vibrations impinging from a diamond sub-
strate are formally forbidden in the THz range. Consider-
ing that, at this frequency range, heat is mainly carried by
phonons, this structure might reduce heat transport signif-
icantly. Even if the omnidirectional mirror range is nar-
row for porous silicon multilayers, it is still possible to
enlarge it using heterostructures. We expect our results to
illustrate the importance of phononic-wave interference for
nanoscale thermal transport.

APPENDIX

The material parameters are described by the functions
d,
p()=p+(py—p)O| - — 2] (35)

d
D@ =p1 + (02, —plci»@(;” - LzJ) (36)
and
2 2 2 dh
p(2)ci(z)=p,c;;+ (Phe,%h —pici )0 5 k4 (37)
where @(¢) is the Heaviside function (@ =1 if £>1, and

® =0 if £ <0). The Fourier coefficients are defined by the
integrals

1 pd/2 )
p(GI=7 [ pe o ds (38)
d/2 )
r(Gz>=%/,d/zf’(@c?(z)e*’@wz (39)
and | e
MGI=y [ Q@ de  @0)

Calculating the integrals, we obtain
p(G,) = [py+f(pys _pl)]aG:,O+ {Ph + |:f(Ph —py)

sin(G.d,/2)
XW“(I_SG"O) (41)

PG =i 1P, = Moot [t 4| 1o,

in(G.d,/2
Ty ELA )

and
A(G) = [P1C12,1+f(Phc,%h —pici )18 o+ {Plczz,ﬁ‘ I:f(Phc,%h
sin(G,d,/2)
~nei) T2 [h1-0.0) 3)

where f = d,/d.
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