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Abstract

One-dimensional phononic crystals made of silicon (Si) and germanium (Ge), both of which are materials commonly used
in semiconductor devices, are shown to be effective in inducing bandgaps in the dispersion of heat flow at the nanoscale.
Numerical approaches are used to understand the dispersion and propagation of thermal waves in Si—Ge phononic crystals.
The results show for the first time how nanostructuring could yield band gaps in the dispersion of thermal phonons in the
GHz range. We arrive at conditions that can yield bandgaps as high as 40 GHz; this is a bandgap that exceeds the value
reported thus far. Variations in the unit cell dimensions are studied to understand the corresponding evolution in the
bandgap frequencies. The control of heat using such proposed media holds promise for better heat management solutions
for modern electronic devices, nanoscale sensing as well as for novel applications including the development of thermal

diodes and thermal cloaks.
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One of the critical issues affecting the reliability of elec-
tronic devices is the heating of components leading to
malfunctions or impairment. With the ever-increasing
demand for miniaturization and close packing, thermal
management in today’s devices, especially electronics, are
of prime importance (Hannemann 2003). Particularly in
crystalline materials, heat conduction is mediated primarily
by phonons (quantized lattice vibrations) propagating
through the lattice (Maldovan 2013a; Zhang et al. 2018;
Nasri et al. 2015). At smaller length scales (~ nanometers)
where the phonon wavelength is of the order of the lattice
size, heat propagation becomes wave-like, in a quantum
mechanical process known in the literature as ‘second
sound’ (Chester 1963). Such phenomena are better mod-
eled using the Cattaneo—Vernotte (CV) modification to
heat transport, which is in the form of a hyperbolic partial
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differential equation (Tzou 2014; Glass et al. 1986; Mar-
ciak-Koztowska 1994). Experimentally, the second sound
has been observed in liquid helium (J. Donnelly R 2010),
Bismuth (Narayanamurti and Dynes 1972), NaF (Pohl and
Irniger 1976) and more recently in graphene (Huberman
et al. 2019).

Our group has developed several phononic crystal and
metamaterial concepts recently, enabling deep sub-wave-
length imaging, extraordinary focusing, lensing and
manipulation of elastic waves through phonon bandgap
engineering (Amireddy et al. 2017, 2018; Kuchibhatla and
Rajagopal 2019; Syed Akbar Ali et al. 2019; Manjunath
and Rajagopal 2019). Indeed stop and pass bands within
the transmission spectrum of phononic crystals and meta-
materials have been widely studied in recent years to yield
novel means to suppress or selectively allow the propaga-
tion of elastic waves (Mohammadi et al. 2007; Maldovan
2015; Colombi et al. 2015). Phononic crystals (and meta-
materials) typically consist of repeating units (periodic or
random sets of layers, cavities, inclusions etc.) of con-
trasting properties which contribute to band phenomena in
the transmission spectrum. Several approaches (plane wave
expansion, multiple scattering theory, finite difference in
time domain calculations etc.) have been used to study the
dispersion of waves within such media (Kushwaha et al.
1993; Sigalas and Economou 1993; Hussein et al. 2014;
Kumar and Mitra 2012). Since the second sound is a wave-
like phenomenon, it is posited that manipulation of heat in
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suitable frequency regimes should be possible using ther-
mal wave crystals (TWCs) made of appropriate materials
(Maldovan 2015; Chen et al. 2018). However, no prior
work has been reported for achieving TWCs yielding
bandgaps in the GHz frequency range, which could spur
interest for experimental device engineering. In a simple
bilayer phononic crystal, the bandgaps or stop bands are
formed due to local resonance and Bragg’s scattering, i.e.,
due to destructive interference of waves scattered from
boundaries between the layers. Developing TWCs with
pass bands and stop bands at suitable frequencies offer the
ability to selectively insulate regions up to varying degrees
by modulating the passage of thermal phonons across the
structure.

Here we explore commonly used semiconductor mate-
rials, silicon (Si) and germanium (Ge), for designing
nanostructured one-dimensional (1D) TWCs (see Fig. 1 for
an illustration) having bandgaps in the GHz range. Elec-
tronic components typically operate in the high MHz to
GHz range, leading to the generation of heat (and hence
thermal phonon phenomena) at such frequencies. Also, it is
noted in the literature (see for example IP(Cook and Revier
2019)), that the wavelength of the phonons produced due to
heating to 100 °C is about 2.5 nm which is within the range
of unit layer dimensions of TWCs proposed here.

Si and Ge are also chosen as their combination to form
super lattices, as has been reported in the literature on
enhanced thermal conductivities in phononic structures
(Slack 1964; Lin and Strachan 2013). As the Cattaneo—
Vernotte (CV) model is the simplest of the candidates to
represent hyperbolic heat conduction incorporating a wave-
like behaviour, we consider this model for the mathemat-
ical treatment of wave propagation through the thermal
wave crystals. The dispersion relation for heat waves is
found using the transfer matrix method for a 1D TWC.

Transfer matrix simulations are carried out to study the
propagation of temperature waves in the said TWC (Li
2001). This work offers insights on the range of properties,
especially phonon relaxation time that need to be con-
trolled to find applications in heat management of modern
electronic devices.

The hyperbolic heat conduction equation in Eq. 1 con-
siders the behaviour of thermal waves with finite speed and

Fig. 1 Illustration of the architecture of a thermal wave crystal made
by stacking layers with nanometer range thickness and alternating
material properties (marked as A and B)
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relaxation time-dependent attenuation leading to the
emergence of bandgaps:

g oT
q+T5,= K50 (1)

here x is the thermal conductivity, C is the heat capacity
per unit volume which is equal to density p times the
specific heat capacity c,, and 7 is the phonon relaxation
time. The speed of a ‘temperature wave’ as per Eq. | is
given by

K
Cev =,/ . (2)
PCpTq

Taking a time-harmonic assumption on the temperature,
and considering the solution of Eq. 1 to be consisting of
temperature waves travelling in both directions, an eigen
value problem of the following form can be derived using
the transfer matrix method (Chen et al. 2018). This
derivation is explained in detail in Appendix 1 at the end of
the article.

cosh(ikl) = cosh(iyala) cosh(iyglp)

L (mava ”IBVB> S S
+ = [ =2 4+ == ) sinh(iysIa) sinh(iygl3),
2 (WBVB UTNN A B
(3)
here [ is the length, k is the wavenumber, y = ‘”2;2’@/ * and
Ccv

1 = ==, the subscripts A and B represent two different
materials. Numerical solution of Eq. 3 can be obtained by
finding the complex wavenumber k for a given range of
frequency w. A purely imaginary wavenumber in a given
frequency range indicates a band gap in the spectrum.
For validating our model, we have applied the above
method for material properties [stratum-like (Layer A):
thermal conductivity (W/m-K) = 0.235, specific heat (J/kg-
K) = 3600, density (kg/m3) = 1500, relaxation time
(s) = 1, dermis-like (Layer B): thermal conductivity(W/m-
K) = 0.445, specific heat (J/kg-K) = 3330, density (kg/
m’) = 1116, Relaxation time (s)=20] and unit cell
dimensions of 0.02 mm (each layer of 0.01 mm thickness)
as mentioned in (Chen et al. 2018). Bandgaps were
reported by them in the frequency intervals 1.8-3.5 Hz,
4.5-6.7 Hz and 7.9-9.3 Hz (Chen et al. 2018). The result
obtained by our implementation of the transfer matrix
method is shown in Fig. 2 (Chen et al. 2018). ‘Pass bands’
corresponds to the regions where the imaginary value of k
is zero or very low. These regions allow the transmission of
thermal waves with low losses. ‘Bandgaps’ corresponds to
the region where the imaginary value of k is significantly
higher, thus attenuating thermal waves of the frequency
range. We can observe very similar results as obtained in
(Chen et al. 2018), thus confirming our methodology.
However, we note that the phonon relaxation times were
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taken to be in the order of seconds in (Chen et al. 2018) and
this is very difficult to realize in practice.

Considering that heat propagation occurs through high-
frequency phonons (typically GHz range and above)
(Maldovan 2013b; Kothari et al. 2019), we look for the
creation of band gaps at frequencies above 1 GHz. First,
we calculate the dispersion curves for an A-B type periodic
structure with properties of A and B; set to be silicon and
germanium (Periodictable 2020a, b; Henry and Chen 2008;
Feng 2013) (ref: Table 1). The thickness of both Si and Ge
layers are chosen to be 1 nm each, to begin with. The
results of the calculation are shown in Fig. 3. The phonon
relaxation time will vary for each phonon, as such the
corresponding frequency of thermal wave packet will also
vary considerably. However, we only consider the average
phonon relaxation time instead of accounting for each

Table 1 Material properties

Properties Silicon Germanium
Density (kg/m?) 2330 5300
Thermal conductivity (W/m-K) 150 60
Specific heat (J/kg-K) 710 310
Phonon relaxation time (ps) 150* 200*

“Extrapolated from ref (Henry and Chen 2008; Feng 2013)

-0.5 0 0.5
Normalized wavenumber(imag)

phonon to simplify the model. This average phonon
relaxation time was assigned based on the molecular
dynamics (MD) simulations data obtained by Henry and
Chen (2008) and Feng (2013). This average phonon
relaxation time is dependent on temperature, amount of
doping, boundary conditions and also other external
factors.

The central frequency of the band gap, calculated using
Bragg scattering in the periodic structure like the one dis-
cussed here is given by Eq. 4 (Chen et al. 2018):

m

)
Ia Ig
2(CCVA + Cch)

here A and B represent two different materials, / is the
length, Ccy is the thermal wave speed as per the CV
equation and m is a positive integer.

Based on Eq. 4, a 1 nm thick layer of each of the
materials yields a centre frequency of the first bandgap
at ~ 140 GHz, which agrees well with results of our cal-
culations, as shown in Fig. 3. The size of the bandgap is
found to be 40 GHz. No previous literature has discussed
achieving bandgaps at such high frequencies for phononic
thermal transport phenomena. In IP (Cook and Revier
2019), the wavelength of phonons generated at 100 °C was
mentioned to be 5 nm, which according to our method will
correspond to a unit cell of similar size by invoking
Braggs® scattering behaviour. Further, decreasing the

(4)

@ Springer



ISSS Journal of Micro and Smart Systems

Fig. 3 Frequency vs. 800 :
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relaxation time leads to an increase in this frequency. It is
possible to decrease the relaxation times within a given
medium through techniques such as doping. This is done
rather routinely in the manufacturing of semiconductors
(Ho et al. 2008; Heremans et al. 2013). The dispersion
curves in Fig. 4 show the dispersion curves obtained with
variations in the length of the unit cell.

Calculations indicate that the first bandgap has a central
frequency of ~ 70 GHz. As we change the length of the
unit cell to 2 nm each, we observe the shift in the central
frequency of the band gap to 70 GHz, as shown in Fig. 4.

As shown in Fig. 5, the central frequency of the first
phononic bandgap can be inferred to be decreasing with an
increase in layer thickness. This is due to the increase in the
length of the unit cell: as the wavelength of Bragg’s scat-
tering increases, the frequency of occurrence of band gap
drops. Also, the decrease is steeper for Ge layers than for Si
layers as the phonon velocity is higher in Ge than Si layer
as (according to hyperbolic heat conduction theory) (Tzou
2014), as mentioned Eq. 2.

—v

d(f) = —d(2). )

where f is the frequency of the phonon, v is phonon
velocity and A A is the wavelength of the phonon. The
length of the unit cell directly determines the wavelength
of the band gap because of Bragg’s scattering.
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Normalized wavenumber(imag)

Indeed, thermal phonons may be of much higher fre-
quencies than those discussed here. However, there exist
methods to manipulate phonon frequencies associated with
heat conduction by using discontinuities, impurities, guest
atoms, dislocations etc. (Maldovan 2013b; Liu et al. 2018;
Mingo et al. 2009). Hence TWCs such as the ones studied
here could be indeed rendered useful for practical appli-
cations. Another variation on the TWC can be using
polymers which have thermal properties for delivering
switchable thermal bandgap (Zhou et al. 2018). A recent
report shows the promise of the polymer polyvinylidene
fluoride (PVDF) (Zhou et al. 2015). PVDF with periodic
inclusions acting as phonon scattering centres could form a
TWC useful for packaging applications in high-tempera-
ture conditions (Walker et al. 2019).

These insights offer exciting directions for application
of results given here in practical electronic devices. IC
chips on motherboards or PCBs are typically throttled by
either drawn power or temperature (or both). But in these
chips, when the rate of heat generation is higher than the
heat taken out by the sink, it leads to an increase in the
operating temperature of the chip and its environment.
With the rise of highly intensive and parallel computing,
the necessity for multichip configuration is on the rise.
Figure 6a below presents a schematic of closely packed 4
chips/modules configurations that could make use of the
proposed GHz range TWCs.



ISSS Journal of Micro and Smart Systems

Fig. 4 Frequency Vs.
wavenumber (real and
imaginary) dispersion curves for
unit cell cases with 1 nm Si

—1 nm Ge and 2 nm Si —2 nm
Ge
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Fig. 5 Layer thickness Vs. central frequency of the first phononic bandgap for different cases of non-uniform layer thickness variation
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Fig. 6 a MCM-GPU:
Aggregating GPU modules and
DRAM on a single package
(Arunkumar et al. 2017).

b Illustration of 3D stacking
architecture in Intel future
generation of chips (Intel
Foveros Interconnect 2019)
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In a situation where a certain chip/module is fully loa-
ded while the others are not, the former will eventually
thermally throttle, ultimately compromising the perfor-
mance of other chips as well. But placing our GHz TWCs
phononic crystals as a buffer between the chips/modules
could thermally insulate them, allowing for partial albeit
lowered performance until at least one of them is opera-
tional. Where switching of chips/modules is allowed (for
e.g. with the recent emphasis on ‘chiplet’ design by leading
manufacturers), thermal insulation using our TWC could
allow for loading particular chipsets/modules to full
capacity until thermal limit where the operation can be
switched to other chips/modules for full system utilization.
Moreover, with the emphasis by leading chip designers and
manufacturers such as Intel, AMD, Qualcomm etc. on the

@ Springer

(b)

miniaturization of ICs, SOCs (System On Chips) and the
development of 3D stacking of chips, (see for example
Fig. 6b) our proposed TWCs will be of crucial importance.

In this paper, we discussed the possibility of achieving
phononic bandgaps in dispersion curves associated with
thermal wave crystal (TWC) made of widely used ele-
mental semiconductor materials, silicon, and germanium.
Dispersion curves obtained by employing the transfer
matrix method indicate that the bandgap of approximately
40 GHz with a central frequency at 140 GHz exists for
proposed nanostructured media (1 nm — 1 nm layers).
These bandgaps can be reduced by changing the lengths of
the unit cell, and also by tailoring the phonon relaxation
times in the material used. Manipulating the bandgaps at
such high frequencies (~ GHz) and also lowering the
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frequency of such bandgaps holds much promise for the
development of artificial structures for modern electronic
devices, nanoscale sensing as well as for novel applications
including thermal diodes and thermal cloaks. Results
mentioned in this paper open up a novel heat management
technique in a wide range of applications such as elec-
tronics, nanostructures, energy harvesting, etc.

Appendix 1

The Catteneo—Vernotte (CV) heat conduction model in 1D
can be written as

g oT
q+Tg, = K50 (6)

where ¢ is the heat flux, T is the temperature,tq is the
Phonon relaxation time, « is the thermal conductivity.

The energy conservation equation with no internal heat
generation is given by

g oT
a = —Pcp§7 (7)

where p is the mass density, ¢, is the specific heat.
Using Eqgs. 6 and 7, we get the hyperbolic heat wave

conduction equation for 1D, which is

101 T  x OT

14 0t 3 pcyTq Ox2

(3)

The propagation velocity (Ccy) of this thermal wave is
given by

K
Cov =,/ . 9)
PCpTq

A periodically layered 1D TWC structure is shown in
Fig. 7. Each unit cell of thickness / consists of two layers A
and B of thickness /5 and /g, respectively. All the material

Fig. 7 Schematic of 1D periodic
bilayer TWC y

properties of each layer are distinguished by subscript A
and B while the left end and right end of the unit cell are
represented by subscript L and R, respectively. The inter-
face between the A and B layer is designated using the
subscript AB. The superscript j represents the jth unit cell.
The coordinate (x, y) are shown in Fig. 7.

I=Ip+Ig;xd =jldy = jl+Iasxh = (+ 1) ="
(10)
Considering a 1D time-harmonic thermal wave propa-

gating in the 1D periodic structure with angular frequency
, the temperature and heat flux fields can be written as

A A .
(105 0qt0) = { 100,400 b (11)
A
with T(x) satisfying
A 602 + 2(_/) A
Tn(x) + —=T(x) =0, (12)
Cev
where i = v —1.

The general solution of Eq. 12 is
A . .
T(x) = A& + Aye™ ", (13)

where A; and A, are unknown coefficients, and

w2+&
= (14

of which real part denotes propagating thermal wave while
the imaginary part characterizes attenuation.
Using Eq. 7, we get

iKy
1 —iwt,

e Ay T pix (15)

2T —
1 —iowt,

Introducing state vector,

Thermal
wave

l Jth unit cell | (j+1) th unit cell
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S(x) = {f(x),?l(x)} = M(x){A1, A2}, (16)

1. .1 eiyx 0
M(x)=| __ " Ky < 0 _iyx)_ (17)
1 —iwt, 1-—iowr, €

The above solution is applicable for both layers A and B
and is represented by S}(x) = M, (x){A;,A;}" (with
xj <x<x}g) in layer A and S} (x) = M}, (x){B1,B,}" (with
xAB <x<x§) in layer B.

At the boundaries of layer A and B, state vectors can be
written as
Sj\L - M'/i(xi){AhAZ}T? SiR = M/];(XAB){AhAz}T
Sk = Mi(xhp){B1.B2}'5  Shr = M(xp){B1, B2}’

(18)

Eliminating {A;,A,}" and {B,,B,}", we get
Sar = Mg (M/J\L) Savi Sgr = Mg (MIJSL) Sg (19)

As temperature and heat flux are continuous at the
interface between two adjacent sub-layers, we get
S}ixR = S’léﬁ SiéR = S]:L]~ (20)
From Eq. 19 and 20, we get

SJILIZMIJzR(MljaL) M/J\R(M/j\L) SJAL7

) @
SAL = MTransferSAL7

where

MTransfer = M]éR (MléL)ilMiR (MAL) -

Using Bloch theorem, for a wave propagating through a

periodic structure
Sl =eMs), . (22)

here k is complex Bloch wavenumber and k = kgre + kim
(kre being the real part and ki, being the imaginary part).
Using Egs. 21 and 22, we get

MTransferSj\L = eilej\]_‘a (23)
or
Mrtranster — eikll =0. (24)

Using the detailed expression of Mrangser in Eq. 24, we
obtain the eigenvalue equation

@ Springer

cosh(ikl) = cosh(iyala) cosh(iyglp)

1 (Mava ’73"/13) . s
+ — | ——=+ —— ] sinh(iysla) sinh(iyglp),
2<77BVB NAVA ({711) (F7515)
(25)

— K, — K
where Ma = T - .and g = 171'(2%3)'
Solving Eq. ispersion curves (w vs k) for the 1D
periodic TWC are obtained.
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