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A B S T R A C T   

In this work, we study the existence of the Brewster angle for thermal diffusivity waves. We analyze the prop
agation of plane thermal waves impinging upon an interface between two media. The condition of zero-reflection 
defines the Brewster angle. We demonstrate that the Brewster angle only exists for specific combinations of 
diffusivity and thermal conductivity of the incidence and transmission media.   

Introduction 

In recent years, the propagation of thermal waves generated by time- 
dependent heat sources has been analyzed theoretically and experi
mentally [1–6]. These studies report that the dynamics of a plane 
thermal wave impinging on an interface follows the traditional char
acteristics of harmonic analysis at the boundary between two media, 
such as in the cases of electromagnetic and elastic waves [7,8]. 

The analysis of thermal waves propagation has been reported over 
the years. In 1999, M. Bertolotti et al. proved that the reflection and 
refraction of diffusivity thermal waves follow Snell’s law. In 2003, M. L. 
Shendeleva studied a characterization technique based on the critical 
angle of plane thermal waves at an interface. [3] In 2017, C. Sanchez- 
Perez et al. reported experimental evidence of the critical angle for a 
thermal wave at a solid–liquid interface [5]. Lor and Chu [9] analyzed 
the influence of thermal resistance on the energy transmission across an 
interface, finding a threshold value beyond which its effects can be 
neglected. 

The condition for the existence of Brewster’s angle at the boundary 
between two media is that reflection cancels out when the incident wave 
travels from one medium into the other. For electromagnetic waves, the 
Brewster angle is a usual topic in textbooks. [10] However, the Brewster 
angle also exists for other kinds of harmonic waves. In 2000, B. 
Manzanares-Martinez et al. reported the Brewster angle for mechanical 
waves in elastic media. [11] For the case of thermal waves, the Brewster 

angle has not been widely analyzed. To our knowledge, there is only one 
report in the scientific literature devoted to this subject. In 2011, A. 
Karam et al. described in a US patent the technological potential for non- 
destructive characterization via the thermal Brewster angle. [12] 

Recently, diffusive thermal wave propagation has attracted consid
erable attention as a non-destructive technique with applications in 
thermographic imaging [13], thermal sensing [14], and thermal invis
ibility [15]. In these physical systems, there is a need to model heat 
transfer between adjacent media in the direction normal to the in
terfaces and for all angles of incidence. Angle-dependent analysis of 
thermal waves is fundamental when system complexities require two- 
dimensional models to understand the propagating heat flow in com
plex structures. [16–18]. 

In this work we analyze the conditions for the existence of the 
Brewster angle for thermal waves. In this approach we consider an ideal 
interface, where some effects such as thermal resistance are neglected, 
and calculate the Brewster angle for several combinations of incident 
and transmission media. 

Theory 

Heat conduction is a process described by the diffusion equation 

∇2T(x, t) =
1
D

∂
∂t

T(x, t) (1) 
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where T(x, t) is the time-dependent temperature, and D is the diffu
sivity of the medium. For harmonic heating with frequency ω, the 
temperature is periodic in time with a solution in the form T(x, t) =

R
[
T̂(x)e− iωt

]
In the frequency domain, the heat diffusion equation is 

∇2 T̂ (x) = γ2 T̂ (x), (2)  

where we have introduced the wave number γ = ( − 1+i)
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ω/(2D)

√
. 

Two basic phenomena observed at the interface between two media 
are reflection and refraction [19]. In Fig. 1, we consider a thermal plane 
wave impinging with an incidence angle θ1 into a plane interface be
tween two media of thermal diffusivities D1 and D2 and thermal con
ductivities κ1 and κ2, respectively. The incoming wave generates a 
reflected and a transmitted wave with angles θẤ

1 and θ2, respectively. 
The solution of Eq. (2) that describes the heat propagation in a xy 

plane for the incident plane wave is 

T̂ 1(x, y) = exp(γ1cosθ1x+ γ1sinθ1y) (3) 

The expressions for the reflected 
(
T’

1
)
and transmitted (T2)plane 

waves can be written as 

T̂
’
1(x, y) = rexp

(
γ1cosθ’

1x+ γ1sinθ’
1y
)

(4)  

and 

T̂ 2(x, y) = texp(γ2cosθ2x+ γ2sinθ2y) (5)  

where r and t are the reflection and transmission coefficients, and γ1 and 
γ2 are the wave numbers in medium 1 and 2, respectively. Assuming a 
perfect contact at the interfase, the boundary conditions are the conti
nuity of temperature and heat flux at x = 0: 

T1(x, y)+ T ’
1(x, y) = T2(x, y) (6)  

κ1
∂
∂x

[
T1(x, y)+T ’

1(x, y)
]
= κ2

∂
∂x

T2(x, y) (7) 

Eqs. (6) and (7) allow us to obtain the thermal Snell′s relationships: 

θ1 = θ’
1 (8)  

1̅̅
̅̅̅̅

D1
√ sinθ1 =

1̅̅
̅̅̅̅

D2
√ sinθ2 (9) 

Note that in the case of D2 > D1, Snell’s law is valid only below the 

critical angle defined by θc = arcsin
( ̅̅̅̅

D2
√

̅̅̅̅
D1

√

)

. The reflection coefficient is 

obtained solving Eqs. (6) and (7), 
(
κ1
/ ̅̅̅̅̅̅

D1
√ )

cosθ1 −
(
κ2
/ ̅̅̅̅̅̅

D2
√ )

cosθ2

r =
(
κ1
/ ̅̅̅̅̅̅

D1
√ )

cosθ1 +
(
κ2
/ ̅̅̅̅̅̅

D2
√ )

cosθ2
(10) 

The Brewster angle (θB)is defined by the condition r = 0. By 
combining Eqs. (9) and (10) we obtain 

cos2θB =
D1/D2 − 1
κ2

1/κ2
2 − 1

(11) 

To have a real value for the Brewster angle, cosθB must be between 
0 and 1, and this is only possible under the condition 

0 <

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
D1/D2 − 1
κ2

1/κ2
2 − 1

√

< 1 (12) 

The mathematical condition in eq. (12) depends on four variables, 
D1, D2, κ1 and κ2. In the next section, we analyze the combination of 
materials that allows the Brewster angle. 

Results 

In Table 1, we present the thermal parameters of diffusivity and 
thermal conductivity of ten materials: Nickel, Chromium, Germanium, 
Zinc, Tungsten, Silicon, Aluminum, Copper, Gold and Silver. In Table 2, 
we analyze the existence of the Brewster angle for all interface combi
nations, where the first column contains the incident medium, and the 
first row contains the transmission medium. Thus, each cell corresponds 
to a specific interface of incidence and transmission media, and the cell 
value is the Brewster angle obtained with equation (11). When a 
particular combination of media has no Brewster angle, the cell is 
colored red, whereas a gray cell means that the transmission and inci
dence media combination define a continuous medium. We note that 
Brewster’s angle occurs more frequently in some materials than in 
others. For example, with Aluminum as the incident medium, we have a 
Brewster angle for all possible transmission media except, of course, 
itself. In contrast, for Silicon, we have four interfaces where the Brewster 
angle does not exist. 

To understand the existence (or not) of the Brewster angle, we pre
sent in Fig. 2 the case where the incident medium is Si. Panel (a) shows 
the reflection when the transmission medium is Ge, Al, Cu, Au, or Ag, 
using blue, red, orange, cyan, and magenta lines, respectively. The 
Brewster angle corresponds to the point where the reflection cancels out, 
represented by a filled circle on the line r = 0. We also note that for these 
metals, the reflection becomes 1 at the critical angle because the diffu
sivity of the transmission medium is higher than the incident medium 
(Si). Panel (b) shows no Brewster angle for materials such as Ni, Cr, Zn, 
and W, represented with blue, green, red, and cyan colors, respectively. 

Conclusions 

In conclusion, we have found the conditions to have a Brewster angle 
for thermal waves. We found that only interfaces with a specific 

Fig. 1. Reflection and transmission of a plane thermal wave impinging at a 
plane interface. The angles for the incident, reflected and transmitted thermal 
waves are θ1, θẤ

1 and θ2, respectively. 

Table 1 
Material thermal parameters.  

Medium D (10-6 m2/s) κ (W/mK) 

Nickel  22.95 90.7 
Chromium  29.15 93.7 
Germanium  34.71 59.9 
Zinc  41.76 116 
Tungsten  68.30 174 
Silicon  89.21 148 
Aluminum  93.28 238 
Copper  116.60 401 
Gold  127.32 317 
Silver  173.86 429  
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combination of thermal diffusivity and conductivity present the Brew
ster angle. Similarly, due to their thermal parameters, some interfaces 
do not have a Brewster angle. We hope that our analysis will be helpful 

to explain the existence or not of the thermal Brewster angle. 

Table 2 
Brewster angle (in degrees) for different combinations of incidence and transmission media. The first column represents the incident medium, while the first row 
represents the transmitted medium. Cells in red correspond to pairings where there is no Brewster angle.  

Transmission medium
Ni Cr Ge Zn W Si Al Cu Au Ag

In
ci

de
nc

e
m

ed
iu

m

Ni 17.28 20.08 23.06 19.11 17.59
Cr 21.22 26.03 25.57 27.04 23.19 20.78
Ge 61.32 41.67 31.26 35.04 32.05 29.71 25.38
Zn 25.68 74.23 33.24 31.66 33.18 28.25 25.12
W 30.83 42.21 68.85 44.51 40.67 44.40 35.46 31.51
Si 56.31 74.53 58.56 51.78 41.97
Al 43.81 50.56 70.25 51.68 49.60 80.23 56.24 38.48 35.08
Cu 62.02 65.40 76.58 66.13 66.10 77.28 68.26
Au 50.44 55.40 71.68 55.74 52.38 69.81 46.63 39.83
Ag 56.31 60.08 73.60 60.03 56.25 69.02 51.70 48.46

Fig. 2. Reflection coefficient for a thermal wave impinging from silicon into different media. Panel (a) shows the cases where Brewster angle exists, represented by a 
filled circle on the line r = 0. In panel (b), it can be observed that there is no Brewster angle. 
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